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Figure1: Surfaceseditedwith level setoperators.Left: A damagedGreekbustmodelis repairedwith a new nose,chin andsharpenedhair.
Right: A new modelis constructedfrom modelsof agriffin anddragon(smallfigures),producinga two-headed,wingeddragon.

Abstract

We presenta level set framework for implementingediting oper-
atorsfor surfaces. Level setmodelsaredeformableimplicit sur-
faceswherethedeformationof thesurfaceis controlledby aspeed
function in the level setpartialdifferentialequation.In this paper
we definea collectionof speedfunctionsthatproducea setof sur-
faceediting operators.The speedfunctionsdescribethe velocity
at eachpoint on the evolving surfacein the direction of the sur-
facenormal. All of the informationneededto deform a surface
is encapsulatedin the speedfunction, providing a simple,unified
computationalframework. Theusercombinespre-definedbuilding
blocksto createthedesiredspeedfunction.Thesurfaceeditingop-
eratorsarequickly computedandmay be appliedboth regionally
andglobally. Thelevel setframework offersseveraladvantages.1)
By construction,self-intersectioncannotoccur, which guarantees
thegenerationof physically-realizable,simple,closedsurfaces.2)
Level setmodelseasilychangetopologicalgenus,and3) arefree
of theedgeconnectivity andmeshqualityproblemsassociatedwith
meshmodels.We presentfive examplesof surfaceediting opera-
tors: blending,smoothing,sharpening,openings/closingsandem-
bossing.Wedemonstratetheireffectivenessonseveralscannedob-
jectsandscan-convertedmodels.

CR Categories: I.3.5 [ComputerGraphics]: ComputationalGeometryandObject
Modeling—Surfaceandobjectrepresentations;I.3.4 [ComputerGraphics]:Graphics
Utilities—GraphicsEditors;

Keywords: Deformations,geometricmodeling,implicit surfaces,shapeblending.

1 Intr oduction
The creationof complex modelsfor suchapplicationsas movie
specialeffects,graphicarts,and computer-aideddesigncanbe a
time-consuming,tedious,anderror-proneprocess.Oneof the so-
lutionsto themodelcreationproblemis 3D photography[Bouguet
andPerona1999], i.e. scanninga 3D objectdirectly into a digital
representation.However, thescannedmodelis rarelyin a final de-
siredform. Thescanningprocessis imperfectandintroduceserrors
andartifacts,or theobjectitself maybeflawed.

3D scanscanbeconvertedto polygonalandparametricsurface
meshes[EdelsbrunnerandMücke 1994;Bajaj et al. 1995;Amenta
et al. 1998].Many algorithmsandsystemsfor editingthesepolyg-
onal and parametricsurfaceshave beendeveloped[Cohenet al.
2001], but surfacemeshediting hasits limitations and must ad-
dressseveral difficult issues. For example,it is difficult to guar-
anteethata meshmodelwill not self-intersectwhenperforminga
local editingoperationbasedon themovementof verticesor con-
trol points,producingnon-physical,invalid results. SeeFigure2.
If self-intersectionoccurs,it mustbefixedasa post-process.Also,
whenmerging two meshmodelstheprocessof clipping individual
polygonsandpatchesmay produceerrorswhenthe elementsare
smalland/orthin, or if theelementsarealmostparallel.In addition
while it is not impossibleto changethe genusof a surfacemesh
model[Biermannet al. 2001], it is certainlydifficult andrequires
significanteffort to maintaintheconsistency/validity of theunder-
lying vertex/edgeconnectivity structure.

1.1 New Surface Editing Operator s
In order to overcomethesedifficulties we presenta level set ap-
proachto implementingoperatorsfor locally andglobally editing
closedsurfaces.Level setmodelsaredeformableimplicit surfaces
that have a volumetric representation[Osherand Sethian1988].
They are definedas an iso-surface, i.e. a level set, of someim-
plicit function � . Thesurfaceis deformedby solvinga partialdif-
ferential equation(PDE) on a regular samplingof � , i.e. a vol-
umedataset.To datelevel setmethodshavenotbeendevelopedfor
adaptive grids, a limitation of currentimplementations,but not of
the mathematics.It shouldbe emphasizedthat level setmethods
do not manipulateanexplicit closedform representationof � , but
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No offset LS offset Meshoffset

Figure2: (left) A cross-sectionof theteapotmodelnearthespout.
(middle) No self-intersectionoccurs,by construction,when per-
forming a level set(LS) offset, i.e. dilation, of thesurface. (right)
Self-intersectionsmayoccurwhenoffsettingameshmodel.

only a samplingof it. Level set methodsprovide the techniques
neededto changethevoxel valuesof thevolumein a way thatde-
forms the embeddediso-surfaceto meeta user-definedgoal. The
usercontrolsthedeformationof the level setsurfaceby defininga
speedfunction �����
	����
� ), the speedof the level setat point � in
the directionof the normal to the surfaceat � . Thereforeall the
informationneededto deforma level setmodelmay be encapsu-
lated in a singlespeedfunction ����� , providing a simple, unified
computationalframework.

Wehavedevelopedanumberof surfaceeditingoperatorswithin
the level set framework by defininga collectionof new level set
speedfunctions.Thecut-and-pasteoperator(Section5.1)givesthe
usertheability to copy, remove andmerge level setmodels(using
volumetricCSGoperations)andautomaticallyblendstheintersec-
tion regions (SeeSection5.2). Our smoothingoperatorallows a
userto definea regionof interestandsmoothstheenclosedsurface
to auser-definedcurvaturevalue.SeeSection5.3.Wehavealsode-
velopedapoint-attractionoperator. SeeSection5.4.Here,aregion-
ally constrainedportionof a level setsurfaceis attractedto asingle
point. By defining line segments,curves, polygons,patchesand
3D objectsasdenselysampledpointsets,thesinglepointattraction
operatormaybecombinedto producea moregeneralsurfaceem-
bossingoperator. As notedby others,theopeningandclosingmor-
phologicaloperatorsmaybeimplementedin a level setframework
[Sapiroetal.1993;Maragos1996].Wehavealsofoundthemuseful
for performingglobalblending(closing)andsmoothing(opening)
on level setmodels.Sinceall of theoperatorsacceptandproduce
thesamevolumetricrepresentationof closedsurfaces,theoperators
maybeappliedrepeatedlyto produceaseriesof surfaceeditingop-
erations.SeeFigure11.

1.2 Benefits and Issues
Performingsurfaceeditingoperationswithin a level setframework
providesseveral advantagesandbenefits.Many typesof surfaces
may be importedinto the framework asa distancevolume,a vol-
umedatasetthat storesthe signedshortestdistanceto the surface
at eachvoxel. This allows a numberof differenttypesof surfaces
to be modified with a single, powerful procedure. By construc-
tion, theframework alwaysproducesnon-self-intersectingsurfaces
that representphysically-realizableobjects,an importantissuein
computer-aideddesign. Level setmodelseasilychangetopologi-
cal genus,andarefree of the edgeconnectivity andmeshquality
problemsassociatedwith deformingandmodifying meshmodels.
Additionally, somereconstructionalgorithmsproducevolumetric
models[CurlessandLevoy 1996;Whitaker1998;Zhaoetal.2001]
andvolumetricscanningsystemsareincreasinglybeingemployed
in a numberof diversefields. Thereforevolumetricmodelsarebe-
comingmoreprevalentandthereis aneedto developpowerful edit-
ing operatorsthatacton thesetypesof modelsdirectly.

Thereare implementationissuesto be addressedwhen using
level setmodels. Given their volumetricrepresentation,onemay
be concernedaboutthe amountof computationtime andmemory

neededto processlevel setmodels. Techniqueshave beendevel-
opedto limit level setcomputationsto only a narrow bandaround
thelevel setof interest[AdalsteinssonandSethian1995;Whitaker
1998;Penget al. 1999]makingthecomputationalcomplexity pro-
portionalto thesurfaceareaof themodel.Wehave alsodeveloped
computationaltechniquesthatallow usto performthenarrow band
calculationsonly in a portion of thevolumewherethe level setis
actuallymoving. Additionally, fastmarchingmethodshave been
developedto rapidly evaluatethe level setequationundercertain
circumstances[Tsitsiklis 1995;Sethian1996]. Memoryusagehas
not beenan issuewhengeneratingthe resultsin this paper. The
memoryneededfor our results(512MB) is availableon standard
workstationsandPCs. We have implementedour operatorsin an
interactive environmentthat allows us to easilyedit a numberof
complex surfaces. Additionally, concernshave beenraisedthat
volume-basedmodelscannotrepresentfine or sharpfeatures.Re-
centadvances[Friskenetal.2000;Kobbeltetal. 2001]haveshown
that is is possibleto model thesekinds of structureswith volume
datasets,without excessively samplingthe whole volume. These
advanceswill alsobeavailablefor ouroperatorsonceadaptive level
setmethods,anactive researcharea,aredeveloped.

1.3 Contrib utions
Themajorcontributionsof ourwork arethefollowing.� The introduction of a unified approachto surface editing

within a level setframework.

– Editingoperatorsdefinedby speedfunctions.

– Resultsproducedby solvingaPDE.� The definition of level set speedfunctions that implement
blending,smoothingandembossingsurfaceeditingoperators.

– Blendingis automaticandis constrainedto only occur
within a user-specifieddistanceto an arbitrarily com-
plex intersectioncurve.

– Smoothingand embossingare constrainedto occur
within auser-specifiedregion.

– Theuserspecifiesthelocal geometricpropertiesof the
resultingsurfacemodifications.

– The userspecifiesif materialshouldbe addedand/or
removedduringeditingoperations.� Thenew techniquesusedto localizelevel setcalculations.� In Appendix B we presenta numerically-stablecurvature

measurefor level setsurfaces.

2 Previous Work
Threeareasof researchare closely relatedto our level set sur-
faceediting work; volumetricsculpting,mesh-basedsurfaceedit-
ing/fairing and implicit modeling. Volumetricsculptingprovides
methodsfor directlymanipulatingthevoxelsof avolumetricmodel.
CSG Booleanoperations[Hoffmann 1989; Wang and Kaufman
1994]arecommonlyfoundin volumesculptingsystems,providing
astraightforwardwayto createcomplex solidobjectsby combining
simplerprimitives.Oneof thefirst volumesculptingsystemsis pre-
sentedin [GalyeanandHughes1991]. [WangandKaufman1995]
improved on this work by introducingtools for carvingandsaw-
ing. More recently[PerryandFrisken2001] implementeda volu-
metricsculptingsystembasedon Adaptive DistanceFields(ADF)
[Friskenetal. 2000],allowing for volumetricmodelswith adaptive
resolution.

PerformingCSGoperationson meshmodelsis a long-standing
areaof research[RequichaandVoelcker1985;Laidlaw etal.1986].
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Figure 3: Our level set surfaceediting operators(red) fit into a
larger editing framework. The pipelineconsistsof: input models
(blue),pre-processing(yellow), CSGoperations(orange),localLS
operators(red),globalLS operators(purple)andrendering(green).

RecentlyCSGoperationsweredevelopedfor multi-resolutionsub-
division surfacesby [Biermannet al. 2001],but this work did not
addresstheproblemof blendingor smoothingthesharpfeaturesof-
tenproducedby theoperations.However, thesmoothingof meshes
hasbeenstudiedon several occasions[Welch and Witkin 1994;
Taubin1995;Kobbeltet al. 1998]. [Desbrunet al. 1999]have de-
velopeda methodfor fairing irregularmeshesusingdiffusionand
curvatureflow, demonstratingthatmean-curvaturebasedflow pro-
ducesthebestresultsfor smoothing.

Thereexistsa largebodyof surfaceeditingwork basedon im-
plicit models[Bloomenthalet al. 1997]. This approachusesim-
plicit surfacerepresentationsof analyticprimitivesor skeletaloff-
sets. The implicit modelingwork most closely relatedto ours is
found in [Wyvill et al. 1999]. They describetechniquesfor per-
forming blending,warpingandbooleanoperationson skeletalim-
plicit surfaces.[DesbrunandGascuel1995] addressthe converse
problemof preventingunwantedblendingbetweenimplicit primi-
tives,aswell asmaintainingaconstantvolumeduringdeformation.

Level setmethodshave beensuccessfullyappliedin computer
graphics,computervision andvisualization[Sethian1999;Sapiro
2001], for example medical image segmentation[Malladi et al.
1995; Whitaker et al. 2001], shapemorphing[DesbrunandCani
1998; Breen and Whitaker 2001], 3D reconstruction[Whitaker
1998;Zhaoet al. 2001],andrecentlyfor the animationof liquids
[FosterandFedkiw2001].

Our work standsapartfrom previouswork in severalways. We
have not developedvolumetricmodelingtools. Our editingopera-
tors act on surfacesthat happento have an underlyingvolumetric
representation,but arebasedon themathematicsof deformingim-
plicit surfaces.Our editingoperatorsshareseveral of the capabil-
ities of mesh-basedtools,but arenot hamperedby the difficulties
of maintainingvertex/edgeinformation.Sincelevel setmodelsare
nottiedto any specificimplicit basisfunctions,they easilyrepresent
complex modelsto within theresolutionof thesampling.Ourwork
is the first to utilize level setmethodsto performuser-controlled
editingof complex geometricmodels.

3 Overview of the Editing Pipeline

The level setsurfaceediting operatorsshouldbe viewed ascom-
ponentsof a larger modeling framework. The pipeline for this
framework is presentedin Figure3. The red componentscontain
the level setspeedfunctionsthat we have developedfor localized
surfaceediting. The remainingcomponentscontainthe dataand
operationsneededfor level setmodeling,input models(blue),pre-
processing(yellow), CSGoperations(orange),globalLS operators
(purple)andrendering(green). The pipelineprovidesthe context
for thedetailsof our speedfunctions.

3.1 Input and Output Models
We areableto import a wide variety of closedgeometricmodels
into the level setenvironment. We representa level setmodelas
aniso-surfaceembeddedin adistancevolume.Frequentlyweonly
storedistanceinformation in a narrow bandof voxels surround-
ing the level setsurface.As illustratedin Figure3 we have devel-
opedandcollecteda suiteof scanconversionmethodsfor convert-
ing polygonalmeshes,CSG models[Breenet al. 2000], implicit
primitives,andNURBSsurfacesinto distancevolumes.Addition-
ally many typesof scanningprocessesproducevolumetricmodels
directly, e.g. MRI, CT andlaserrangescanreconstruction.These
modelsmaybebroughtinto our level setenvironmentasis or with
minimalpre-processing.We frequentlysegmentthesemodelswith
anotherlevel settechnique[Whitaker et al. 2001],andthenapply
Sethian’s FastMarchingMethod[Sethian1996] to convert the re-
sultsinto distancevolumes.Themodelsutilized in this paperand
theiroriginal form arelistedin Table1.

Table1: Nativerepresentationsof theinputmodelsanddimensions
of thecorrespondingscanconverteddistancevolumes.

Model Representation Dimensions
Dragon volumetricreconstruction ���������
�����������
Griffin volumetricreconstruction � �!�"����#�$%����&'#
Greekbust polygonalreconstruction �����(�����������
���
Humanhead polygonalreconstruction ���������'#��%���
&��
Utahteapot NURBSsurface �!���������������!�!#
Supertoroid implicit primitive &����)& �(�)� �
In the final stageof the pipeline we can either volume render

thesurfacedirectly or rendera polygonalmeshextractedfrom the
volume. While therearenumeroustechniquesavailable for both
approaches,we found extracting and renderingMarching Cubes
meshes[LorensenandCline1987]to besatisfactory.

4 Level Set Surface Modeling
TheLevel SetMethod,first presentedin [OsherandSethian1988],
is a mathematicaltool for modelingsurfacedeformations.A de-
formable(i.e. time-dependent)surfaceis implicitly representedas
aniso-surfaceof atime-varyingscalarfunction, �*���+	-,.� . A detailed
descriptionof level setmodelsis presentedin AppendixA.

4.1 LS Speed Function Building Bloc ks
Giventhedefinition�����/	102	.�*	3�����4�657098 : �: , 	 (1)

thefundamentallevel setequation,Eq. (12),canberewrittenas; �; ,�< = > � = �����
	.02	1�?	����3�4� (2)

where
: �A@ : , and 0B5DC > �E@ = > � = are the velocity andnormal

vectorsat � on thesurface.We assumea positive-inside/negative-
outsidesignconventionfor �6���+	F,1� , i.e. 0 points outwards. Eq. (1)
introducesthe speedfunction � , which is a user-definedscalar
functionthatcandependon any numberof variablesincluding � ,0 , � andits derivativesevaluatedat � , aswell asa variety of ex-
ternaldatainputs. �)��� is a signed scalarfunction thatdefinesthe
motion (i.e. speed)of the level setsurfacein the directionof the
localnormal 0 at � .

Thespeedfunction is usuallybasedon a setof geometricmea-
suresof the implicit level setsurfaceanddatainputs. The chal-
lengewhenworking with level setmethodsis determininghow to
combinethebuilding blocksto producea local motionthatcreates
a desiredglobal or regional behavior of the surface. The general
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Figure4: Graphof region-of-influence(ROI) functionsusedto de-
finethespeedfunctionsfor ourlocal level setoperations,cf. Eq.(3).

structurefor thespeedfunctionsusedin our surfaceeditingopera-
torsis �����/	102	.�E� < ^2_ �a` �cb6�VdZ�-e
�Vdf� (3)

where
^2_ �a` � is a distance-basedcut-off function that dependson

a distancemeasurè to a geometricstructureg . b6�VdZ� is a cut-off
function that controlsthe contribution of e
�Vdf� to the speedfunc-
tion. e
�VdZ� is a functionthatdependson geometricmeasuresd de-
rived from the level setsurface,e.g.curvature. Thus,

^ _ �a` � acts
asa region-of-influencefunction that regionally constrainstheLS
calculation.b6�Vdf� is afilter of thegeometricmeasureand e
�Vdf� pro-
videsthegeometriccontributionof thelevel setsurface.In generald is definedaszero,first, or secondordermeasuresof theLS sur-
face.

4.2 Regionall y Constraining LS Deformations
Most of our surfaceoperatorsmay be appliedlocally in a small
user-definedregionon theeditedsurface.In orderto regionally re-
strict thedeformationduringthelevel setcomputation,a technique
is neededfor driving thevalueof ����� to zerooutsideof theregion.
This is accomplishedin threesteps.Thefirst stepinvolvesdefining
theregion of influence(ROI), i.e. the region where ����� shouldbe
non-zero.This is doneby eithertheuserinteractively placinga3D
objectaroundthe region, or by automaticallycalculatinga region
from propertiesof the surface. Both casesinvolve defininga ge-
ometricstructurethat we refer to asa “region-of-influence(ROI)
primitive”. Thenatureof theseprimitiveswill vary for the differ-
entLS operationsandwill beexplicitly definedin Section5. The
secondstepconsistsof calculatinga distancemeasureto the ROI
primitive. Thefinal stepinvolvesdefininga functionthatsmoothly
approacheszeroat theboundaryof theROI.

Wedefinearegion-of-influencefunction
^ _ �a` � in Eq.(3),where` is a distancemeasurefrom a point on thelevel setsurfaceto the

ROI primitive g . Thefunctionalbehavior of
^ _ �a` � clearlydepends

on thespecificROI primitive, g , but we foundthefollowing piece-
wisepolynomialfunctionto beusefulasacommonspeedfunction
building block:

h �Vi?� <
jkkkl kkkm n for ipo n�!i?q for

nsr ito n � ��/Cu���Vi�C9�!� q for
n � � r i r �� for ipvw��� (4)

h �Vi?� andits derivativesarecontinuousandrelatively inexpensive
to compute.SeeFigure4(a). Othercontinuousequationswith the
samebasicshapewouldalsobesatisfactory. Wethendefinex �a`zy-`�{
|M}O	1`�{+~
���A5 h�� `�C�`�{
|\}`�{A~
�2C�`�{+|M}�� (5)

where `�{
|\} and `�{+~�� areuser-definedparametersthat definethe
limits andsharpnessof thecut-off. Let usfinally definethefollow-
ing region-of-influencefunctions^ U �a` � < �/C x �a`zy-`�{
|M}O	1`�{+~
��� (6a)^ Q �a` � < x �a`zy n 	1`�{+~
��� (6b)

for apointset,� , andaclosedsurface,� .
In Eq. (6a) ` denotesthe distancefrom a point on the level set

surfaceto theclosestpoint in thepoint set� . In Eq. (6b) ` denotes
a signeddistancemeasurefrom a point on the level setsurfaceto
the implicit surface � . Thesigneddistancemeasuredoesnot nec-
essarilyhave to beEuclideandistance- just a monotonicdistance
measurefollowing thepositive-inside/negative-outsideconvention.
Note that

^ Uz�a` � is onewhenthe shortestdistance,̀ , to thepoint
setis smallerthaǹ�{
|\} , anddecayssmoothlyto zeroas ` increases
to ` {+~
� , afterwhich it is zero.

^ Q��a` � , on the otherhand,is zero
everywhereoutside,aswell ason, the surface � ( `�o n

), but one
insidewhenthedistancemeasurè is largerthan `�{+~�� .

An additionalbenefitof theregion-of-influencefunctionsis that
they define the portion of the volume where the surface cannot
move. We usethis information to determinewhat voxels should
beupdatedduringthelevel setdeformation,significantlylowering
theamountof computationneededwhenperformingeditingopera-
tions. This techniqueallows our operatorsto berapidly computed
whenmodifying largemodels.

4.3 Limiting Geometric Proper ty Values
We calculatea numberof geometricpropertiesfrom the level set
surface.Thezeroordergeometricpropertythatwe utilize is short-
estdistancefrom the level setsurfaceto someROI primitive. The
firstorderpropertyis thesurfacenormal,0�5�C > �f@ = > � = . Second
order informationincludesa variety of curvaturemeasuresof the
LS surface. In AppendixB we outlinea new numericalapproach
to deriving the mean,Gaussianandprinciplecurvaturesof a level
setsurface. Our schemehasnumericaladvantagesrelative to tra-
ditionalcentralfinite differenceschemesfor computingthesecond
orderderivatives. We foundmeancurvatureto be themostuseful
secondordermeasure[EvansandSpruck1991]for ourapplication.

Anotherdesirablefeatureof our operatorsis that they allow the
userto controlthegeometricpropertiesof surfacein theregionbe-
ing edited.This featureis implementedwith anothercut-off func-
tion, b6��� , within the level setspeedfunction. b6��� allows the user
to slow andthenstopthe level setdeformationasa particularsur-
facepropertyapproachesa user-specifiedvalue. We reusethecut-
off function,Eq. (5), definedin theprevioussection,asa building
block for b6��� . Wedefineb6�Vdf� <�� x �Vd�yFdZ� �4�{
|\} 	-dO� ���{A~
� � for d�o d�/C x �Vd?y-dZ� |�� �{+|M} 	-d � |\� �{+~
� � for d�� d (7)

whered�5��Vd � �4�{+~��K� dZ� |�� �{+|M} �.@�� . Thefour parametersd � �4�{
|\} , d � �4�{+~
� ,df� |�� �{
|\} , and d � |�� �{+~
� definerespectively theupperandlowerboundsof
thecut-off function,seeFigure4(d).

4.4 Constraining the Direction of LS Motions
Anotherimportantfeatureof the level setframework is its ability
to control the directionof the level setdeformation. We areable
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Figure5: Left: Positioningthe (red) wing modelon the dragonmodel. Middle: The modelsarepastedtogether(CSGunion operation),
producingsharp,undesirablecreases,aportionof which is expandedin thebox. Right: Sameregionafterautomaticblendingbasedonmean
curvature. The blendingis constrainedto only move outwards. The modelsarerenderedwith flat-shadingto highlight the detailsof the
surfacestructure.

to restrictthemotionof thesurfaceto only addor remove material
during the level setediting operations.At any point the level set
surfacecanonly move in thedirectionof thelocal surfacenormal.
Hence,we cansimply redefinethespeedfunctionasmin ��e+	 n � to
remove material(inwardmotiononly) andmax��e+	 n � to addmate-
rial (outward motion only). In the caseof curvaturedriven speed
functionsthis producesmin/maxflows [Sethian1999]. Of course
norestrictionon thedirectionof themotionneedbeimposed.

5 Definition of Surface Editing Operator s
Given the building blocks describedin the previous section,the
level setsurfaceeditingoperatorsoutlinedin Figure3 maybede-
fined. We begin by definingthe well-known CSGoperationsthat
areessentialto mosteditingsystems.We thendefinethenew level
setspeedfunctionsthatimplementoursurfaceeditingoperatorsby
combiningthegeometricmeasureswith theregion-of-influenceand
cut-off functions.

5.1 CSG Operations
Sincelevel setmodelsarevolumetric,theconstructive solidgeom-
etry (CSG)[Hoffmann1989] operationsof union, differenceand
intersectionmay be appliedto them. This providesa straightfor-
ward approachto implementingcopy, cut andpasteoperationson
level set surfaces. In our level set framework, with a positive-
inside/negative-outsidesign convention for the distancevolumes,
theseare implementedas min/max operations[Wang and Kauf-
man 1994] on the voxel valuesas summarizedin Table 2. Any
two closedsurfacesrepresentedassigneddistancevolumescanbe
usedaseitherthemaineditedmodelor thecut/copy primitive. In
our editingsystemtheuseris ableto arbitrarilyscale,translateand
rotatethemodelsbeforeaCSGoperationis performed.

Table2: Implementationof CSGoperationson two level setmod-
els, � and � , representedby distancevolumes �z� and �O� with
positive insideandnegativeoutsidevalues.

Action CSGOperation Implementation
Copy Intersection,����� Min ���z�+	4�O�A�
Paste Union, ����� Max ���z�+	4�O�A�
Cut Difference,�9Ct� Min ��� � 	�C � � �

5.2 Automatic Localiz ed LS Blending
Thesurfacemodelsproducedby theCSGpasteoperationtypically
containsharpandsometimesjaggedcreasesat the intersectionof
the two surfaces.We candramaticallyimprove this region of the

surfaceby applyinganautomaticlocalizedblending. Themethod
is automaticbecauseit only requirestheuserto specifya few pa-
rametervalues.It is localizedbecausetheblendingoperatoris only
appliednearthesurfaceintersectionregion. Onepossiblesolution
to localizingtheblendingis to performthedeformationin regions
nearbothof theinputsurfaces.However, thisnaiveapproachwould
result in blendingthe two surfacesin all regionsof spacewhere
the surfacescomewithin a user-specifieddistanceof eachother,
creatingunwantedblends. A bettersolution,andthe onewe use,
involvesdefiningthe region of influencebasedon the distanceto
the intersection curve sharedby both input surfaces. A sampled
representationof this curve is thesetof voxelsthatcontainsa zero
distancevalue (within somesub-voxel value ¡ ) to both surfaces.
We have found this approximaterepresentationof the intersection
curve asa point setto besufficient for defininga shortestdistance` for the region-of-influencefunction,

^ U �a` � , cf. Eq. (3). Repre-
sentingtheintersectioncurveby apointsetallowsthecurve to take
anarbitraryform - it canevenbecomposedof multiple curve seg-
mentswithout introducingany complicationsto thecomputational
scheme.

Theblendingoperatormovesthesurfacein adirectionthatmin-
imizes a curvaturemeasure,¢ , on the level set surface. This is
obtainedby makingthespeedfunction, e , Eq. (3), proportionalto¢ , leadingto thefollowing blendingspeedfunction:�¤£ �¦¥ }�§ ���
	.02	1�f� <7¨ ^ U �a` �Zb6�a¢(�Z¢ (8)

where ¨ is a user-definedpositive scalarthat controlsthe rateof
convergenceof the LS calculation,

^ Uz�a` � is definedin Eq. (6a)
where ` is the shortestdistancefrom the level set surfaceto the
intersectioncurvepointset,andb6�a¢(� is givenby Eq.(7)where¢ is
oneof thecurvaturesdefinein AppendixB. Throughthefunctions^ U and b the userhasfull controlover the region of influenceof
the blending( ` {
|\} and ` {+~
� ) andthe upperandlower curvature
valuesof the blend( dO� ���{+|M} , dZ� �4�{+~
� and df� |\� �{
|M} , d � |�� �{+~
� ). Furthermore
we cancontrol if the blendaddsor removes material,or both as
describedin Section4.4.

Automaticblendingis demonstratedin Figure5. A wing model
is positionedrelativeto adragonmodel.Thetwo modelsarepasted
togetherandautomaticmeancurvature-basedblendingis appliedto
smooththecreasedintersectionregion.

5.3 Localiz ed LS Smoothing/Sharpening
The smoothingoperatorsmoothsthe level set surface in a user-
specifiedregion. This is accomplishedby enclosingthe region of
interestby a geometricprimitive. The “region-of-influenceprim-
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Figure6: Regionally constrainedsmoothing.Left: Laserscanre-
constructionwith unwanted,pointedartifactsin the eye. Middle:
Defining the region to be smoothedwith a (red) superellipsoid.
Right: Smoothingthe surfacewithin the superellipsoid.The sur-
faceis constrainedto only move inwards.

itive” can be any closedsurface for which we have signedin-
side/outsideinformation,e.g.alevel setsurfaceoranimplicit prim-
itive. Weusesuperellipsoids[Barr 1981]asaconvenientROI prim-
itive,aflexible implicit primitivedefinedby two shapeparameters.
Thesurfaceis locally smoothedby applyingmotionsin a direction
that reducesthe local curvature. This is accomplishedby moving
thelevel setsurfacein thedirectionof thelocalnormalwith aspeed
that is proportionalto thecurvature. Thereforethespeedfunction
for thesmoothingoperatoris� Q { �1�4© � ���
	.02	.�E� <7¨ ^ Q��a` �cb6�a¢(�F¢"� (9)

Here ` denotesthe signedvalue of the monotonicinside/outside
functionof theROI primitive � evaluatedat � . Asbefore,̂ Q �a` � en-
suresthatthespeedfunctionsmoothly goesto zeroas � approaches
the boundaryof the ROI primitive. b6�a¢(� limits the valueof the
surface’s curvaturewithin theROI primitive.

Figure6 demonstratesour smoothingoperatorappliedto a laser
scanreconstruction.Unwantedartifactsareremoved from an eye
by first placinga red superellipsoidaroundthe region of interest.
A smoothingoperatorconstrainedto only remove materialis ap-
plied andthe spiky artifactsare removed. Figure7 demonstrates
our smoothingoperatorappliedto a preliminary3D scanconver-
sionof theUtah teapot.Unwantedartifactsareremoved from the
regionwherethespoutmeetsthebodyof theteapotby first placing
a superellipsoidaroundthe region of interest. A smoothingoper-
ator constrainedto only add material is appliedand the crevices
areremoved. In our final, artificial smoothingexamplein Figure
8 a complex structureis completelysmoothedaway. Thisexample
illustratesthatchangesof topologicalgenusandnumberof discon-
nectedcomponentsareeasilyhandledwithin a level setframework
duringsmoothing.

Figure8: Changesin topologicalgenusandthenumberof discon-
nectedcomponentsareeasilyhandledwithin a level setframework
during smoothing. The superellipsoiddefinesthe portion of the
surfaceto be smoothed.The surfaceis constrainedto move only
inwards.

Figure9: Left: Threetypesof singlepoint attractions/repulsions
usingdifferentROI primitives and d values. Right: Utah teapot
embossedwith 7862pointssamplingthe”SIGGRAPH2002”logo.

Weobtaina sharpeningoperatorby simply invertingthesignof¨ in Eq.(9) andapplyinganuppercut-off to thecurvaturein b6��� in
orderto maintainnumericalstability. Thesharpeningoperatorhas
beenappliedto thehairof theGreekbustin Figure1.

5.4 Point Set Attraction and Embossing
We have developedanoperatorthatattractsandrepelsthesurface
towardsandaway from a point set. Thesepoint setscanbe sam-
plesof lines, curves,planes,patchesandothergeometricshapes,
e.g. text. By placingthepoint setsnearthesurface,we areableto
embossthe surfacewith the shapeof the point set. Similar to the
smoothingoperator, the userenclosesthe region to be embossed
with a ROI primitive e.g. a superellipsoid.The region-of-interest
functionfor thisoperatoris

^ Q��a` � , Eq. (6b).
First, assumethatall of theattractionpointsarelocatedoutside

theLS surface. ª | denotestheclosestattractionpoint to � , apoint
ontheLS surface.Ouroperatoronly allowstheLS surfaceto move
towardsª | if theunit vector, «+|�5¬�\ª | C"���.@ = ª | C�� = , is pointingin
thesamedirectionasthelocalsurfacenormal 0 . Hence,thespeed
functionshouldonly benon-zerowhen

n­r 0®8
«+|Ao¬� . Sincethe
signof 0®8
« | is reversedif ª | is insteadlocatedinsidetheLS sur-
facewesimplyrequired < C sign̄ �*�\ª | 	.,.�c°\0�8c«+| to bepositive for
any closestattractionpoint ª | . This amountsto having only posi-
tive cut-off valuesfor b6�VdZ� . Finally we let e < C ¨ �*�\ª | 	F,1� since
this will guaranteethattheLS surfacewill stoponceit reachesª | .
The following speedfunction implementsthe point setattraction
operator:�
U � |M} © ���+	.0±	1�f� < C ¨ ^ Q'�a` �cb6�-C sign̄ �6�\ª | 	-,.�c°M0�8
« | �-�*�\ª | 	-,1��	

(10)

wherè is asigneddistancemeasureto aROI primitiveevaluatedat� on theLS surface,and ª | is theclosestpoint in thesetto � . The
shapeof theprimitiveandthevaluesof thefour positiveparameters
in Eq.(7) definethefootprintandsharpnessof theembossing.See
Figure9, left. Point repulsionis obtainedby making ¨ negative.
Note that Eq. (10) is just oneexampleof many possiblepoint set
attractionspeedfunctions.

In Figure9, right, theUtahteapotis embossedwith 7862points
thathave beenacquiredby scanningan imageof theSIGGRAPH
2002logoandwarpingthepointsto fit theshapeof theteapot.

5.5 Global Morphological Operator s
The new level setoperatorspresentedabove weredesignedto lo-
cally deform a level set surface. However, if the userwishesto
performa global smoothingof a level setsurface,it is preferable
to useanoperatorotherthan � Q { �1�4© � . For a globalsmoothingthe
level setpropagationis computedon thewholevolume,whichcan
be slow for large volumes. However, in this casemorphological
openingandclosingoperators[Serra1982]offer fasteralternatives
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Figure7: (left) Scanconversionerrorsneartheteapotspout.(middle)Placinga (red)superellipsoidaroundtheerrors.(right) Theerrorsare
smoothedaway in 15seconds.Thesurfaceis constrainedto only moveoutwards.

to globalsmoothingof level setsurfaces.While wearenot thefirst
to explore morphologicaloperatorswithin a level set framework
[Sapiroetal.1993;Maragos1996],wehaveimplementedthemand
find themuseful. Morphologicalopeningsandclosingsconsistof
two fundamentaloperators,dilations ²2³ anderosionś�³ . Dilation
createsan offset surfacea distanceµ outwardsfrom the original
surface,anderosioncreatesanoffsetsurfacea distanceµ inwards
from theoriginalsurface.Themorphologicalopeningoperator¶K³
is an erosionfollowed by a dilation, i.e. ¶ ³ < ² ³�· ´ ³ , which
removessmall piecesor thin appendages.A closingis definedas¸ ³ < ´ ³�· ² ³ , andclosessmallgapsor holeswithin objects.Mor-
phologicaloperatorsmaybeimplementedby solvingaspecialform
of the level setequation,the Eikonalequation,

; �f@ ; , <º¹ = > � = ,
up to a certaintime , , utilizing Sethian’s FastMarching Method
[Sethian1996]. The value of , controlsthe offset distancefrom
theoriginal surface, �6�V, < n � . Figure10 containsa modelfrom a
laserscanreconstructionthathasbeensmoothedwith an opening
operatorwith µ equalto 3.

Figure10: Applyingamorphologicalopeningto alaserscanrecon-
structionof a humanhead.The openingperformsglobalsmooth-
ing by removing protrudingstructuressmallerthana user-defined
value.

5.6 Editing Session Details
Figure 11 containsa seriesof screenshots taken of our level
setmodelingprogramwhile constructingthe two-headedwinged
dragon.Thefirst shows theoriginal dragonmodelloadedinto the
system.A cylindrical primitive is placedaroundits headandit is
cut off. The model of the headis duplicatedand the two heads
arepositionedrelative to eachother. Oncetheuseris satisfiedwith
theirorientation,they arepastedtogetherandanautomaticblending
is performedat the intersectionseam.Thecombineddoublehead
modelis positionedover thecroppedneckof thedragonbody. The
doubleheadis pastedandblendedontothebody. Thegriffin model
is loadedinto theLSmodelingsystem.A primitiveis placedaround
oneof its wings. Theportionof themodelwithin theprimitive is
copied,beingstoredin abuffer. Severalcuttingoperationsareused
to trim the wing model (not shown). The double-headeddragon

model is loaded,and the wing is positioned,pastedandblended
ontoit. A mirror copy of thewing modelis created.It is alsoposi-
tioned,pastedandblendedontotheothersideof thedouble-headed
dragon.Wethenaddedaloopontothedragon’sbackasif designing
abraceletcharm.This is accomplishedby positioning,pasting,and
blendinga scan-convertedsupertoroid,producingthe final model
seenin thebottomright.

The Greekbust modelwas repairedby copying the nosefrom
thehumanheadmodelof Figure10, andpastingandblendingthe
copiedmodelontothebrokennose.A piecefrom theright sideof
thebustwascopied,mirrored,pastedandblendedontotheleft side
of herface.Localsmoothingoperatorswereappliedto variouspor-
tionsof her cheeksto cleanminor cracks.Finally, thesharpening
operatorwasappliedwithin auser-definedregionaroundherhair.

Table 3: Typical operatorexecution times on a R10K 250MHz
MIPSprocessor.

Operation Objects sub-volume Time
Paste wing on dragon ���
�����
»��"�����!� 33sec.
Blend wing on dragon $��"��#�$������ 98sec.
Smooth teapotspout � n �����"����� 15sec.
Opening humanhead �������¼�!#������
&�� 22sec.
Emboss singlepoint ���(����&��¼�'& 1.5sec.

Table4: Parametersusedin examples. df� |\� �{
|\} and df� |\� �{
|M} areonly
usedduring sharpening.Their valuesare0.8 and0.9. No upper
limit is placedon d in theotherexamples.

Example `�{
|\} `�{+~�� d � �4�{
|\} d � �4�{+~
�
Wing Blending 7 9 0.04 0.06
EyeSmoothing 0.9 1 0.04 0.07
SpoutSmoothing 0.9 1 0.1 0.13
Hair Sharpening 0.9 1 0.01 0.013
TeapotEmbossing 0.9 1 0.8 0.9

6 Conc lusion and Future Work
We have presentedan approachto implementingsurfaceediting
operatorswithin a level set framework. By developinga new set
of level setspeedfunctionsautomaticblending,localizedsmooth-
ing andembossingmay be performedon level setmodels. Addi-
tionally we have implementedmorphologicalandvolumetricCSG
operatorsto fill out our modelingenvironment. All of the infor-
mationneededto deforma level setsurfaceis encapsulatedin the
speedfunction, providing a simple,unified computationalframe-
work. The level setframework offersseveraladvantages.By con-
struction,self-intersectioncannotoccur, whichguaranteesthegen-
erationof physically-realizable,simple,closedsurfaces.Addition-
ally, level setmodelseasilychangetopologicalgenus,andarefree
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Figure11: Seriesof operationsusedto createthewingedtwo-headeddragonof Figure1. First theheadis cut off, pastedandblendedback
ontothebody. Next a wing is copiedfrom a differentmodelandblendedontoonesideof thedragon.Thesamewing is thenmirroredand
blendedontotheotherside.Finally ascanconvertedsupertoroidis blendedontothedragon’s backto form theloopof abraceletcharm.

of theedgeconnectivity andmeshqualityproblemsassociatedwith
meshmodels.

Severalissuesstill mustbeaddressedto improveourwork. Cur-
rently level setimplementationsarebasedonuniformsamplingsof
space,a factthateffectively limits theresolutionof theobjectsthat
canbe modeled. The developmentof adaptive level setmethods
wouldallow our operatorsto beappliedto adaptive distancefields.
It is possibleto shortenthe time neededto edit level setsurfaces.
Incrementallyupdatingthe meshusedto view the editedsurface,
utilizing direct volumerenderinghardware,parallelizingthe level
setcomputations,andexploring multiresolutionvolumetricrepre-
sentationswill leadto editingoperationsthatrequireonly afraction
of asecond,insteadof tensof seconds.

We have presentedfive examplelevel setsurfaceediting oper-
ators. Given thegeneralityandflexibility of our framework many
morecanbe developed. We intend to explore operatorsthat uti-
lize Gaussianandprincipal curvature,extendembossingto work
directly with lines,curvesandsolid objects,andonesthatmaybe
utilized for generalsurfacemanipulations,suchasdragging,warp-
ing, andsweeping.
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A Level Set Models
A deformable(i.e. time-dependent)surface, ¾AJM¿�N , is implicitly represented
asan iso-surfaceof a time-varying scalarfunction, ÀZJTÁ*ÂF¿�N , embeddedin
3D, i.e. ¾AJM¿�NEÃ�Ä3Á?JM¿�N?Å�ÀOJTÁ*JM¿�N-Â-¿�N�Ã�Æ�Ç?Â (11)

where ÆsÈ�É is theiso-value, ¿6È�É�Ê is time,and Á?JM¿�N�È%É6Ë is a point in
spaceon theiso-surface. It might seeminefficient to implicitly representa
surfacewith a3D scalarfunction;however thehigherdimensionalityof the
representationprovidesoneof themajoradvantagesof theLS method:the
flexible handlingof changesin thetopologyof thedeformablesurface.This
impliesthatLS surfacescaneasilyrepresentcomplicatedsurfaceshapesthat
can,form holes,split to form multiple objects,or mergewith otherobjects
to form asinglestructure.

The fundamentallevel setequationof motion for ÀZJTÁ?JT¿�N-Â-¿�N is derived
by differentiatingbothsidesof Eq.(11)with respectto time ¿ , andapplying
thechainrulegiving: Ì ÀÌ ¿ Ã®Í�Î2À(Ï�Ð ÁÐ ¿ Â (12)

where Ð ÁEÑ Ð ¿ denotesthespeedvectorsof the level setsurface.A number
of numericaltechniquesby [Osherand Sethian1988; Adalsteinssonand
Sethian1995] make the initial valueproblemof Eq. (12) computationally
feasible. A completediscussionof the detailsof the level set methodis
beyond the scopeof this paper. We insteadrefer the interestedreaderto
[Sethian1999;OsherandFedkiw2001].However, wewill briefly mention
two of the most importanttechniques:the first is the so called“up-wind
scheme”whichaddressestheproblemof overshootingwhentrying to solve
Eq.(12)by asimplefinite forwarddifferencescheme.Thesecondis related
to thefactthatoneis typicallyonly interestedin asinglesolutionto Eq.(12),
saythe Æ%Ã7Ò level set. This implies that theevaluationof À is important
only in thevicinity of thatlevel set.This formsthebasisfor “narrow-band”
schemes[AdalsteinssonandSethian1995;Whitaker1998;Pengetal.1999]
thatsolve Eq. (12) in a narrow bandof voxelscontainingthesurface. The
“up-wind scheme”makesthelevel setmethodnumericallyrobust,andthe
“narrow-bandscheme”makesits computationalcomplexity proportionalto
the level set’s surfacearearatherthanthesizeof thevolumein which it is
embedded.

B Curvature of Level Set Surfaces
The principle curvaturesand principle directionsare the eigenvaluesand
eigenvectorsof theshape matrix [do Carmo1976].For animplicit surface,
the shapematrix is the derivative of the normalizedgradient(surfacenor-
mals)projectedontothetangentplaneof thesurface.If we let thenormals
be Ó�ÃpÎ2À]Ñ�Å Î2ÀfÅ , thederivative of this is the Ô Õ�Ô matrixÖ ÃØ× Ì ÓÌ�Ù Ì ÓÌ�Ú Ì ÓÌ�ÛAÜAÝ"Þ

(13)

The projectionof this derivative matrix onto the tangentplanegives the
shapematrix [do Carmo1976] ßàÃ Ö JVá Í�Ó�â�Ó+N , where â is theex-
terior product. Theeigenvaluesof the matrix ß are Æ�ã�ÂcÆ q andzero,and
the eigenvectorsare the principle directionsandthe normal, respectively.
Becausethe third eigenvalue is zero,we cancomputeÆ�ã3ÂFÆ q andvarious
differentialinvariantsdirectly from theinvariantsof ß . Thustheweighted
curvature flow is computingfrom ß using the identities äåÃåÅ¦Å ß)Å¦Å q ,æ ÃpçOè4JVß%NcÑ�é , and ê¬Ã�é æ q Í�ä q Ñ�é . Theprinciplecurvaturesarecal-
culatedby solvingthequadraticÆ�ã.ë q Ã æ�ì�í ä q Ñ�é
Í æ q . In many cir-
cumstances,thecurvatureterm,which is akind of directionaldiffusionthat
doesnotsuffer from overshooting,canbecomputeddirectly from first- and
second-orderderivatives of À usingcentraldifferenceschemes.However,
wehave foundthatcentraldifferencesdo introduceinstabilitieswhencom-
putingflowsthatrely onquantitiesotherthanthemeancurvature.Therefore
we usethe methodof differences of normals [Rudin et al. 1992;Whitaker
andXue2001]in lieu of centraldifferences.Thestrategy is to computenor-
malizedgradientsat staggeredgrid pointsandtake the differenceof these
staggerednormalsto getcentrallylocatedapproximationsto

Ö
. Theshape

matrix ß is computedwith gradientestimatesfrom centraldifferences.The
resultingcurvaturesaretreatedasspeedfunctions(motionin thenormaldi-
rection),andthe associatedgradientmagnitudeis computedusingthe up-
wind scheme.
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